In this paper, numerical solutions for the generalized Rosenau-KdV equation are considered via the energy and momentum conservative non-linear implicit finite difference scheme. Unique existence of the conservative properties of the solutions for the difference scheme is shown. Numerical results demonstrate that the scheme is efficient and reliable.
Introduction
The well-known Korteweg-de Vries (KdV) equation [1] [2] [3] [4] 
has been used to describe the wave propagation and spread interaction. In this paper, we consider the following generalized Rosenau-KdV equation:
where p ≥ 2 is an integer. When p = 2, eq. (2) is called as usual Rosenau-KdV equation. In [1, 2] , the solitary solutions for the generalized Rosenau-KdV equation with usual solitary ansatze method were discussed and the two invariants for the generalized RosenauKdV equation were given. In [2] , the two types of soliton solution, i. e., solitary wave solution and singular soliton, were researched. Furthermore, they also used perturbation theory and semi-variation principle to study the perturbed generalized Rosenau-KdV equation analytically. In [3] , ansatze method was applied to obtain the topological soliton solution or shock solution of this equation. Moreover, three methods, that is, ansatze method, G'/G-expansion method as well as the exp-function method were applied to extract a few more solutions to this equation in [4] . But the numerical method to the initial-boundary value problem of generalized Rosenau-KdV equation has not been studied till now.
In [5, 6] , two conservative difference schemes for the generalized Rosenau-KdV equation were proposed. But their schemes can only preserve one conservative law.
-------------- In this paper, we propose a conservative non-linear Crank-Nicolson-implicit difference scheme for the equation. The studies show that the scheme does not need to select another scheme to help initial computation such as the average linear scheme in [5] . It should be noted that the numerical simulations show that the scheme preserves two conservative invariants, which is better than those results in [5, 6] .
Hence, in this paper, we propose a conservative two-level non-linear implicit finite difference scheme for the generalized Rosenau-KdV eq. (2) with the boundary conditions:
and initial condition:
The initial-boundary value problem presents the following conservative properties [1, 2] : 
Conservative implicit difference scheme
In this section, we first give some notation used in this paper, and propose the conservative difference scheme for the problem of eqs. (2)-(4).
As usual, denote x j = X l + jh, t n = nτ, 0 ≤ j ≤ J, 0 ≤ n ≤ N, where h = (X r -X l )/J and τ are the uniform the spatial and temporal step size, respectively. Let ( , ),
this paper, we denote C as a general constant independent of h and τ. Define the difference operators, inner product and norms are:
, we can construct the following conservative implicit finite difference scheme for the problems, eqs. (2)- (4):
Lemma 2.1. [8] For any two mesh functions
, ,
Then we have:
To prove the existence of solution for scheme, eqs. (7)- (9), the following Browder fixed point theorem should be introduced. For the proof, see [9] .
Lemma 2.2. (Browder fixed point theorem) Let H be a finite dimensional inner product space. Suppose that :
g H H → is continuous and there exists an 0 α ≥ such that
Theorem 2.3. There exists
satisfying the difference scheme (7)- (9) .
Proof: For 1 n N ≤ − , we assume that
satisfy the difference scheme (2.1)-(2.3). Next we prove that there exists 1 n u + satisfying eqs. (7)- (9) . Define an operator g on 0 h Z as follows:
By computing the inner product of eq, (13) with , v we get:
It is obvious that ( ), 0 
l r u H X X ∈ , then the schemes (7)- (9) are conservative for discrete momentum and energy, that is:
Proof: Multiplying eq. (7) with h and summing up for j from 1 to 1 J − , from the boundary condition in eq. (9), and lemma 2.1, we get:
Therefore, eq. (16) is easily gotten from eq. (18).
By computing the inner product of eq. (7) 
where
By the definition of ( ) n j t u , it follows from the first term of eq. (19) that:
From eq. (10), it follows from the second and the third term of eq. (19) that:
With the help of the boundary condition in eqs. (9) and (12), it follows from the fourth term of eq. (19) that:
In view of eq. (10), it follows from the last term of eq. (19) that: 
It follows from eq. (24) that:
Therefore: 1 2 , 2 0
By the previous results of eqs. (20)- (23) and eq. (26), we have:
Then, by the definition of E n , eq. (17) holds, which implies that the difference scheme is conservative for energy.
In order to prove the boundedness and the conservative law of the numerical solutions, we lead into the following lemma [8] .
Lemma 2.6 (Discrete Sobolev's inequality) There exist two constant 1 C and 2 C such that: 
By Lemma 2.1 and Schwartz inequality, we get:
From Lemma 2.6, we have ||u n || ¥ ≤ C (n = 1, 2, …, N).
Numerical experiments
In this section, we present some numerical experiments to verify theoretical results obtained in previous sections.
We now consider two cases: p = 3 and p = 5, respectively. When p = 3, the soliton solution is: 
First, we simulate the wave graph of the numerical solution of the implicit non-linear scheme eqs. (7)- (9) . The comparison of numerical solution ( , ) j n u x t between different time step and space step at various times are given in fig. 1 when p = 3. Similarly, we can get the almost same figures for different time step and space step at different times when p = 5, respectively. Meanwhile, we also list the conservation invariants M n and E n at different time in tabs. 1 and 2 when p = 3. Similarly, we can get the conservation invariants M n and E n at different time when p = 5. n E = at different time. These results also verify that the proposed scheme is conservative for two quantities M and E. 
Conclusion
In this paper, we constructed non-linear-implicit finite difference scheme for the general Rosenau-KdV equation and investigated some properties of its numerical solution. We proved that the non-linear scheme preserved the discrete mass and energy conservation, respectively. The proposed scheme is the unconditionally stable and second-order convergence by the discrete energy method. The results show that the scheme is reliable and efficient.
